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Abstract 

For a Riemannian manifold M, we determine some curvature properties of a tangent bundle equipped with 
the rescaled metric. The main aim of this paper is to give explicit formulae for the rescaled metric on TM, 
and investigate the geodesies on the tangent bundle with respect to the rescaled Sasaki metric. 
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1. Introduction 

Tangent boundles of diffcrcntiablc manifolds are of great importance in many areas of mathematics and 
physics. Geometry of the tangent bundle TM of a Riemannian manifold (M, g) with the metric g defined 
by Sasaki in 1] had been studied by many authors. Its construction is based on a natural splitting of 
the tangent bundle TTM of TM into its vertical and horizontal subbundles by means of the Levi-Civita 
connection V on (M, g). The Levi-Civita connection V of the Sasaki metric on TM and its Riemannian 
curvature tensor R were calculated by Kowalski in [2j. With this in hand, the authors derived interesting 
connections between the geometric properties of (M, g) and (TM, g) in Q and Q . In Q , the authors proved 
that the Sasaki metric on TM is rather rigid under the scalar curvature of (TM,g) is constant. 

Another metric nicely fitted to the tangent bundle is the so-called Cheeger-Gromoll metric in This 
can be used to obtain a natural metric g on the tangent bundle TM of a given Riemannian manifold (M, g). 
It was expressed more explicitly by Musso and Tricerri in [3j. In [5|, Sekizawa calculated the Levi-Civita 
connection V and the curvature tensor R of the tangent bundle (TM, g) equipped with the Cheeger-Gromoll 
metric. Gudmundsson and Kappos derived correct relations between the geometric properties of (M, g) and 
(TM,g) in Q. In Q, Explicit formulae for the Cheeger-Gromoll metric on TM was given. The motivation 
of this paper is to study the geometry of tangent bundles with the rescaled Sasaki and Cheeger-Gromoll 
metrics. 

This paper is organized as follows: In Section 2, for a Riemannian manifold (M, g), we introduce a natural 
class of rescaled metrics. In Section 3, we calculate its Levi-Civita connection, its Riemann curvature tensor 
associated to the rescaled Sasaki metric. In Section 4, we investigate geodesies on the tangent bundle 
with respect to the rescaled Sasaki metric. The main purpose of Section 5 is to obtain some interesting 
connections between the geometric properties of the manifold (M, g) and its tangent bundle equipped with 
the rescaled Cheeger-Gromoll metric. 

2. Natural Metrics 

In this section we introduce a natural class of rescaled metrics on the tangent bundle TM of a given 
Riemannian manifold (M,g). This class contains both the rescaled Sasaki and rescaled Cheeger-Gromoll 
metrics studied later on. 
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Throughout this paper we shall assume that M is a smooth m— dimensional manifold with maximal 
atlas A = {(U a ,x a )\a £ I}. For a point p £ M, let T p M denote the tangent space of M at p. For local 
coordinates (U, x) on M and p £ U we define (gf-)p € T p M by 

(^)p ■■f^^- k (P)= d <* (/ z _1 )0*(p)) (2- 1 ) 

where {efe|/c = 1, . . . , m} is the standard basis of W n . Then {(5^7 = 1, . . . , m} is a basis for T p M. The 
set TM = {(p,u)\p £ M,u £ T P M} is called the tangent bundle of M and bundle map tt : TM — > M is 
given by tt : (p, u) i-> p. 

As a direct consequence of the Theorem 2.1 in 0] we see that the bundle map tt : TM — > M is smooth. 
For each point p £ M the fiber ir^ 1 (p) is the tangent space T p M of M at p and hence an m— dimensional 
vector space. For local coordinates (U,x) £ A we define x : 7r _1 ([/) — >• U x R m by 

m 9 

x ■ (Pi^2 Uk q — Ip) ^ (P> ( u i > • • • i ■ ( 2 - 2 ) 

The restriction x p = x\t p m '■ T P M — > {p} x W n to the tangent space T p M is given by 

m 9 

x p :y"u fe - — | p H> (ui, . . . ,u m ) (2.3) 

, oxk 
fe=i 

so it is obviously a vector space isomorphism. This implies that x : 7r~ 1 (J7) — > U x K m is a bundle chart for 
TM. This implies that 

B = {(tt- 1 (U)),x\(U,x)£A} (2.4) 

is a bundle atlas transforming (TM, M, tt) into an m— dimensional topological vector bundle. Since the 
manifold (M, A) is smooth the vector bundle (TM, M, tt) together with the maximal bundle atlas B induced 
by B is a smooth vector bundle. 

Definition 2.1. Let (M,g) be a Riemannian manifold. Let / > and f £ C°°(M), specially when f = 1, 
g 1 = g. A Riemannian rescaled metric gf on the tangent bundle TM is said to be natural with respect to g 
on M if 

i) 9 f (p , u) {X h ,Y h ) - f(p)g p (X,Y), (2.5) 

ii) g( pu) (X\Y v ) = (2.6) 

for all vector fields X, Y £ C°°(TM) and (p,u) £ TM. 

A rescaled natural metric gf is constructed in such a way that the vertical and horizontal subbundles are 
orthogonal and the bundle map tt : (TM, g*) — > (M, fg) is Riemannian submersion. The rescaled metric g? 
induces a norm on each tangent space of TM which we denote by || ■ ||. 

Lemma 2.2. Let (M,g) be a Riemannian manifold and TM be the tangent bundle of M . Let f > and 
f £ C°°(M). If the rescaled Riemannian metric gf on TM is natural with respect to g on M then the 

corresponding Levi-Civita connection V satisfies 

i)9(V f x nY h ,Z h ) = ±j(x(f)g(Y,Z) + Y(f)g(Z,X)-Z(f)g(X,Y))+g(V x Y,Z), (2.7) 

ii)g(V f xh Y h ,Z v ) = - l -g((R(X,Y)uy,Z v ), (2.8) 

iii) g(¥ xh Y\Z h ) = ^- f g{(R(X,Z)uY,Y^, (2.9) 

iv) g(¥ xh Y v ,Z v ) = l -(x h (g(Y\Z v ))-g(Y\(^ x ZY) + -g(Z\(^ x YY)), (2.10) 
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v)g(V f x ,Y h ,Z h ) = ±g[(R(Y,Z)uy,X v ), (2.11) 



vi)g(¥ x ,Y h ,Z v ) = ±(Y h (g{Z\X v ))--g{X\{V Y ZT)-g(Z\{V Y Xy)), (2.12) 

vii) g(y f xv YV,Z h ) = ±(-Z h (g(X«,Y v ))+9(Y v ,(VzXy)+g(X\(V z Yy)), (2.13) 

viii) g(y xv Y\Z") = ^X^g{X\Z v )) + Y v {g{Z\X v ))-Y%g{X\Y v ))) (2.14) 
for all vector fields X,Y,Z £ C°°(TM) and (p, u) £ TM. 

— / 

Proof. We shall repeatedly make use of the Kozul formula for the Levi-Civita connection V stating that 

2gf{V x ,Y\Z k ) = X i (gf(Y^,Z k ))+Y^gf(Z k ,X i ))-Z k (gf(X i ,Y^)) 

-g f {X\ [Y\Z k \)+gl{Y\[Z\X l \)+gt{Z\ [X\Y^]) (2.15) 

for all vector fields X,Y,Z e C°°(TM) and i,j,k € {h,v}. 

i) The result is a direct consequence of the following calculations using Definition 2.1 and Proposition 
5.1 in 0, 

2g f {V f xh Y h ,Z h ) = X h {g f (Y h ,Z h j)+Y h (g f {Z h ,X h ))-Z h (g f (X h ,Y h j) 

-g f (X h , [Y h , Z h }) + g f (Y h , [Z h ,X h ]) + g f (Z h , [X h , Y h }) 

= X h (fg(Y, Z)on) + Y h (fg(Z, X)on)- Z h (fg(X, Y) o n) 
-g f {X>\ [Y, Z] h ) + gf(Y>\ [Z, X] h ) + g* {Z h , [X, Y] h ) 

= X(f)g(Y,Z)+Y(f)g(Z,X)-Z(f)g(X,Y) + 2fgf(V x Y),Z). (2.16) 

ii) The statement is obtained as follows. 

2§ f (Vx-r, Z h ) = X h (g f (Y h ,Z v ))+Y h (g f (Z v ,X h )) ~ Z v (g f (X'\Y h )) 

-g f (X h , [Y h , Z v }) + gf(Y h , \Z\X h \) + gt (Z v , [X h ,Y h ]) 
= -Z\fg{X,Y))+gl{Z\[X\Y h ]) 

= -gf{Z\{R{X,Y)uy) (2.17) 
Hi) and v) are analogous to ii). 

iv) Again using Definition 2.1 and Proposition 5.1 in Q we yield 

2gf(V xh Y v ,Z v ) = X h {g f {Y v ,Z v )) + Y v (g f (Z v ,X h ))- Z v (g f (X h ,Y v )) 

-g f {X h , [Y\ Z v }) + gf(Y\ \Z\ X h \) + g* (Z v , [X h ,Y v ]) 
= X h (-g{Y\ZV))-g{Y\(V x Zy)+g{Z\{V x Yy) (2.18) 

vi) and vii) are analogous to iv). 

viii) The statement is a direct consequence of the fact that the Lie bracket of two vertical vector fields 
vanishes. □ 

Corollary 2.3. Let (M,g) be a Riemannian manifold and gf be a rescaled natural rescaled metric on the 
tangent bundle TM of M . Then the Levi-Civita connection V satisfies 

(V^r%, u) = (v£Y)f p>u) - ~ (r(X, Y)u) " + — (x(f)Y + Y(f)X - g(X, Y) o 7r(d(/ o tt))*)^ (2.19) 

for all vector fields X, Y e C°°(TM) and (p,u) € TM. 
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Proof. By proposition 3.5 in [7}, each tangent vector Z G T^ pu ^TM can be decomposed as Z = Z\ + Z%. 
Using i) and ii) of Lemma 2.2, we have 

g(W f xh Y\ Z\ + 25) = -h((R(X, Y)u) v ,Zi + Z") + g({V x Y) h , Z\ + 



2- 

+^j(x(f)g(Y h , Z>> + + g((YfX)'\ Z? + Z|) 

-{g(X h ,Y h )d(fo ir ),zZ + Z$)) 

iy f X Yf \ fa*, Y)u) V + ±( X (f)Y + Y(f)X 



- 5 (X,y)o7r(d(/o7r))*) h . (2.20) 

□ 

Definition 2.4. Let (M,g) be a Riemannian manifold and F : TM TM be a smooth bundle endo- 
morphism of the tangent bundle TM . Then we define the vertical and horizontal lifts F v : TM — > TTM , 
F h : TM -> TTM of F by 

m rn 

F v (r]) = J2viF(di) V and F h (ij) = ^ r) i F(d l ) h , (2.21) 

i=l i=l 

where Y^iLi G 71 00 * s a local representation of rj G C°°(TM). 

Lemma 2.5. Lei (M,g) be a Riemannian manifold and the tangent bundle TM be equipped with a reseated 
metric g' which is natural with respect to g on M. If F : TM — > TM is a smooth bundle endomorphism of 
the tangent bundle, then 



i)(Vjc.f*)« = F(X p )l+J2^i)(^m) v h (2-22) 

i=l 

m 

m)(V^^)« = (vi fc F(u)») 6 (2.24) 

iv) {¥ xh F% = (¥ xh F(u) h ) s , (2.25) 
for any X G C°°(TM), £ = (p, u) G TM and 77 = £™ x ^5, G tt" 1 ^). 

Proof. Let (iri, • • • , x m ) be local coordinates on M in a neighborhood V of p. Then, using the abbreviation 
_§_ 

Ox , 



Xi for J?-, we have X v (dxi) = dXi(X) = X(xi) and dXi(p, u) = r]i(p) for i G {!,•*' i™}- Hence 



i=l z=l 

m m 

= ^x(xi)F(di) v + m ¥ x ,F(diy = F(x p )i + J2u(x i )(v xv F(d i y) ( . (2.26) 

i=l i=l 

Similarly we have 

rn m 

^F h \ = J2 w x^ i F(d i ) h ) = Yx«(dx i )F(d i ) h + m v x ,F(d i ) h 

m m 

= Xix^Fidif + Vi^F{di) h = F(X P )I + "(^(vi-W)*. (2.27) 



For the last two equations of the lemma we use a differentiable curve 7 : [0, 1] —> M such that 7(0) = p and 
7 ' (0) = X p to get a differentiable curve U o 7 : [0, 1] -> TM such that [/ o 7(0) = £ and (f7 o 7 )'(0) = Xg. 
By the definition of F v and F h we get 

m m 

F v \uo 1(t) = Y.^ F ^y\uo 1 {t)=Y.^ u °< t )) F ^y\uo lW 

i=l i=l 
m 

= F(£ g u{x i ) 1 fi i ) v \ Ufn{t) = {FoU)' B \ Uvi{t y (2.28) 

i=l 

Similarly F h \u ai — {F o U)jj . This proves parts Hi) and iv). □ 

3. The Rescaled Sasaki Metric 

This section is devoted to the Sasaki metric g on the tangent bundle TM introduced by Sasaki in 
the famous paper We calculate its Levi-Civita connection V^, its Riemann curvature tensor and obtain 
some interesting connections between the geometric properties of the manifold (M, g) and its tangent bundle 
(TM, gf) equipped with the rescaled Sasaki metric. 

Definition 3.1. Let (M,g) be a Riemannian manifold. Let / > and f G C°°(M). Then the rescaled 
Sasaki metric g* on the tangent bundle TM of M is given by 

9{ x , u) (X\Y h ) = f{p)g p {X 1 Y), (3.1) 
ii) g{ xu) {X\Y h ) = 0, (3.2) 
Hi) g[ xu) (X v ,Y v ) = g p (X,Y). (3.3) 

for all vector fields X, Y e C°°(TM). 

The rescaled Sasaki metric is obviously contained in the class of rescaled g— natural metrics, ft is 
constructed in such a manner that inner products are respected not only by lifting vectors horizontally but 
vertically as well. 

Proposition 3.2. Let (M,g) be a Riemannian manifold and be Levi-Civita connection of the tangent 
bundle (TM,g*) equipped with the rescaled Sasaki metric. Then 

i) (V f xh Y h ) (p>u) = (y x Y) h M + ^((X(f)Y + Y(f)X)-g(X,Y)on(d(fo*)y)* 

-\(R p {X,Y)u) V , (3.4) 

ii) (V^yjoMO = (VxY)^ u) + ^- } (R p (u,Y)x)'\ (3.5) 
in) (%„Y h ) M = -1—(r p {u,X)y)\ (3.6) 



2/(p) 

iv) (V f xv Y v ) (PtU) = (3.7) 

for any X, Y e C°°(TM), £ = (p, u) e TM. 

Proof, i) The statement is a direct consequence of Corollary 2.3. 

ii) By applying Lemma 2.2 wc obtain the following for the horizontal part 

2gf{V xh Y\Z h ) = -gf((R(Z,X)uy,Y v ) = -g(R(u,Y)Z,X) 

= g(R(u,Y)X,Z) = jgf((R(u,Y)X) h ,Z h ), (3.8) 



As for the vertical part note that 

2gf(V f xh Y\Z v ) = X h (gI(Y v ,Z v ))+gf(Z v ,(V x Yy)-gf(Y\(V x Zy) 
= X(g(Y,Z))+g(Z,VxY)-g(Y,V x Z) 

= 2gf((V x Y)\Z v ). (3.9) 
Hi) For the horizontal part we get calculations similar to those above 

2g(% v Y h , Z h ) = jg(X\ (R(Y, Z)u) v ) = - f g{X, R(Y, Z)u) 

= jg(R(u,X)Y,Z). (3.10) 

The rest follows by 

2g(% v Y h ,Z v ) = Y h (g(Z v ,X v ))-g(Z v ,(V Y Xy)-g(X v ,(V Y Zy) 

= Y(g(Z,X))-g(Z,V Y X)-g(X,V Y Z)=0. (3.11) 

iv) Using Lemma 2.2 again we yield 

2fg(V Xv Y\Z h ) = -Z h (g{X\Y v ))+g{Y\{V z Xy)+g{X\{V z Yy) 

= -Z(g(X,Y))+g(Y,V z X)+g(X,VzY)=0, (3.12) 



and 

2g(V f xv Y\Z v ) = X v (g(Y\Z v )) + Y v (g(Z\X v ))-Z v (g(X\Y v )) 

= X*(g(Y,Z))+Y v (g(Z,X))-ZV(g(X,Y))=0. (3.13) 

This completes the proof. □ 

We shall now turn our attention to the Ricmann Curvature tensor W of the tangent bundle TM equipped 
with the rescaled Sasaki metric gf . For this we need the following useful Lemma. 

Lemma 3.3. Let (M 7 g) be a Riemannian manifold and V-^ be the Levi-Civita connection of the tangent 
bundle (TM,j^), equipped with the rescaled Sasaki metric gf . Let F : TM — > TM is a smooth bundle 
endomorphism of the tangent bundle, then 

(V f xv F*) 6 = F(X p )l (3.14) 

and 

(V xv F h )t = F{X p )\ + -L-.(R(u,X)F{u))^ (3.15) 
for any X e C°°(TM) and £ = (p, u) G TM. 

Proof. By applying i) of Lemma 2.5 and iv) of Proposition 3.2 we obtain the following 



(V£„F") £ = F{X P )\ + J2 uixiW'x.FWh = F(X p )l (3.16) 



uyxi){ v t/ 

i=l 

By applying ii) of Lemma 2.5 and in) of Proposition 3.2, we get 



(% v F h ) 6 = F(X p )\ + (V f xv F(u) h ) 6 = F(X p )l + -^( R (u,X)F(u)) h (3.17) 



□ 



Proposition 3.4. Let (M,g) be a Riemannian manifold and W be the Riemann curvature tensor of the 
tangent bundle (TM,gf) equipped with the rescaled Sasaki metric. Then the following formulae hold 

i) R( pu) (X\Y^ = 0, (3.18) 
ii) R( pu) (X h ,Y v )Z v = (-^R(Y,Z)X--^-R(u,Y)(R(u,Z)X)) h , (3.19) 



Hi) R f {p , u) (X\YV)Z h = (-^R i Y,X)Z- J ±- ) R(u,Y)(R(u,X)Z)) h p 

+ (.27(pj R{x > Y)z + 4fW) R{u ' r)z) )p' (3,20) 

iv) Rl, u) {X h ,TT)Z h = (y x (^R(u,Y)Z))\^R((R(u,Y)Z),X)u 

+A ^^h {R ^ Y)z) ) 

+ l(R(X,Z)u)l-^(R(u,V x Y) Z ) h p , (3.21) 

v) Rf M (X\Y»)Z« = ^x(^(u,Z)Y))l-(w Y (^R(u,Z)X)) h p 

+ ^R(R(u, Z)Y, X)u Z)X, Y)u 

+ ^MX,R(u,Z)Y) ^- ) A f (Y,R(u,Z)X) 
+^R(u,Z)[Y,X} + (r(X,Y)uY p 

+ ^( i?KWZ)X ) p V ^)( i?(U ' V ^ )r ) P "' ^ 
vi) R{ p>u) {X\Y h )Z h = V xh % h Z h -% h V xh Z h -V{ xhYh] Z h 

= V^iF^-V^VxZt + AfiX^Zf + F^-V^^Z 11 

= V x (VyZ + A f (Y, Z)) +A f (X, V Y Z + A f (Y, Z)) * 

-\(R{x, v y z + Af (y, z)) u y - v y (y x z + A f (x, z)f 

-A f (Y,V X Z + A f (X,Z)Y + 1(r(y,V x Z + A f (X, Z))u) " 
-(\7 [x , Y] z) h - A f {[X,Y],Z) h -^(r([X,Y],Z)u) V 
+ ±- f (R(u,R{X,Y)u)z) K + ^ Y (R(X,Z)u)) V 
+ _L (fl( u , R( X , Z)u)Y) H - X - (V x (R(Y, Z)u)) " 

-±- f (R(u,R{Y,Z)u)x) H . (3.23) 



for any X,Y,Z e T p M . 

Proof, i) The result follows immediately from Proposition 3.2. 
it) Let F : TM — > TM be the bundle endomorphism given by 

F ^jR(u,Z)X. 

Applying Proposition 3.2 and Lemma 3.3 we have 

% v F h = F(Y) h + ±- f (R{u,Y)F{u)) H . 

This implies that 

&(X h ,Y v )Z v = vLv f Yv z v -% v vLz v - v{ xhYV] z v 



? YV V f xh Z v = -V f Y * 



= -v YV v xh z v = -v Y J(v x zy + F h 



= -W^F h = -F(Y) h -^(R(u,Y)F(u)) h 

= ( - ^jR(Y, Z)X - -^R(u, Y)(R(u, Z)X)) \ 

Hi) Using ii) and I s * Bianchi identity we get 

R f (X v , Y v )Z h = R f (Z h , Y V )X V - R f (Z h ,X v )Y v 

which gives 

Rf(X\Y")Z h = (-±;R(Y,X)Z-^LR(u,Y)(R(u,X)Z)) h 

+ (^jR(X, Y)Z + ±R(u, X)(R(u, Y)Z)) \ 

iv) Let Fi,F 2 : TM — > TM be the bundle cndomorphisms given by 

fi(u) ^jR(u,Y)Z and F 2 {u) ^ -^jR(X, Z)u. 

Then Proposition 3.2 implies that 

ft(X h ,Y v )Z h = \7 xh \7 Y „Z h -\7 Y „\7 f xh Z h -\7 f [xh YV] Z h 

= % h (F 1 h )-\7 Y ^(S7 x Z) h + A f (X 7 Z) h + F^-\7l VxY)v Z h 

= (V X F 1 («))' 1 - ^R(X,F 1 (u)) u y + A f (X,F 1 (u)) h 

-±- f (R(u,Y){VxZ + A f (x,z))) h - F 2 <yy - ^- f (R{u,V X Y)Z 

= (y x (±R(u,Y)Z)) h + ±R(R(u,Y)Z,X)u 

+A f (X, -L(iJ( U) Y)Z)) - -L (R(u, Y)(V x Z + A f (X, Z))) * 
+ l(R(X, Z)u) V -L (R(u, V x Y)z) k . 



v) Applying part iv) and 1 st Bianchi identity 

R f (X h , Y h )Z v = R f (X h , Z v )Y h - R f (Y h , Z v )X h , (3.31) 

we get 

Rf(X\ Y h )Z v = (v x (^jR(u, Z)Y)) K + jjR(R(u, Z)Y, X)u + A f (x, ^j(R(u, Z)Y)) 

- jj (R(u, Z)(V X Y + A f (X, Y))) h + \ (R(X, Y)uY - -L (r( u , V x Z)y) * 

- (y Y (jjR(u, Z)X)) H - jjR(R(u, Z)X, Y)u - A f (y, ±- f R{u, Z)x) 

+ ^{r(u,Z){V y X + A f {Y,X))) h - \{R{Y,X)uf + -L (r( u , V y Z)x) \ 



(3.32) 



from which the result follows. 

vi) By i) of Proposition 3.2 and direct calculation we get 



Rf(X\Y h )Z h = V f xh V f yh Z h ~V yh V xh Z h -V f [xh yh] Z h 

= V xh {F?)-% h ({VxZ) h + A f {X,Z) h + FZ) -V( VxY)h Z h 

= V x (VyZ + A f (Y,Z)f + A f (x,V Y Z + A { (Y,Z)f 

-\{R{X, V y Z + Af (Y, Z)) u y - V Y (V X Z + A f (X, Z)} 

-A f (Y,V X Z + A f (X,Z)Y + ±(r(Y,V x Z + A f (X, Z))u) " 

-{V [x . y] z) h - A f ([X,Y},Z) h - \(r([X,Y],Z)u) V 



+ 2/ 



-y (R(u, R(X, Y)u)z) H + 1 (V Y (R(X, Z)u)) V 
+ jj [R(u, R(X, Z)u)Y) H - ± (Vx (R(Y, Z)u)) V 

-^(r{u,R{Y,Z)u)x) . (3.33) 

□ 

We shall now compare the geometries of the manifold (M, g) and its tangent bundle TM equipped with 
the rescaled Sasaki metric g? . 

Theorem 3.5. Let (M,g) be a Riemannian manifold and TM be its tangent bundle with the rescaled Sasaki 
metric gf . Then TM is flat if and only if M is flat and f = C (constant). 

Proof. Applying proposition 3.4 and 

mx, Y ) = Yf ( x(f)Y + Y(f)x - g(x > Y ^*) h - ( 3 - 34 ) 

If Af = 0, we have 

X(f)Y + Y(f)X - g(X, Y)(df)* = 0, (3.35) 



then R = implies W =0. If we assume that W = and calculate the Riemann curvature tensor for three 
horizontal vector fields at (p, 0) we have 

R f(x h ,Y h )Z h = R(X,Y)Z + A f (Y,Z)-A f (X,Z) + A f (x,W Y Z + A f (Y,Z)j 

-Af(Y,V x Z + A f (X,zj)-Af([X,Y],Z)=0, (3.36) 

then R — and f — C (constant) . □ 

Corollary 3.6. Let (M,g) be a Riemannian manifold andTM be its tangent bundle with the rescaled Sasaki 
metric gf . If f ^ C(constant), then (TM,gf) is unflat. 

For the sectional curvatures of the tangent bundle we have the following. 

Proposition 3.7. Let (M,g) be a Riemannian manifold and equip the tangent bundle (TM,gf) with the 
rescaled Sasaki metric gf . Let (p,u) G TM and X 1 Y G T p M be two orthonormal tangent vectors at p. Let 
Kl \X l ,Yi) denote the sectional curvature of the plane spanned by X % and Y^ with i,j € {h, v}. Then we 
have the following 

i) kl u) {X\Y v ) = 0, (3.37) 
= j^\R(u,Y)X\\ (3.38) 

Hi)K^ n) {X h ,Y h ) = J^K{X,Y)--^^\R{X,Y)uf + L f (X,Y), (3.39) 

where 

L f (X,Y) = j(g(VxA f (Y,Y)-V Y A f (X,Y),X)-g(A f (X,VYY + A f (Y,Y)),X) 
-g(A f {Y, V X Y + A f (X, Y)),X) - g(A f ([X, Y],Y),X)) . 

Proof, i) It follows directly from Proposition 3.4 that the sectional curvature for a plane spanned by two 
vertical vectors vanishes. 

ii) Applying part ii) of proposition 3.4 we get 

j> f(x h yv\ g f {R f (X h ,Y v )Y v ,X h ) 
gf(X h ,X h )gf(Yv,Yv) 

- - ( ~ -9 f ((R(Y Y)Xf X*) - J- ° f{R{U ' Y)R{U ' Y)X > ^ ) 

= ^g(R{u,Y)X,R{u 1 Y)X) = 1 ^\R{u,Y)X\ 2 . (3.40) 

Hi) It follows immediately from proposition 3.4 that 

K f (X h ,Y h ) = j^g f {R f (X h ,Y h )Y h ,X h ) 

= jg(R(X, Y)Y, X) + -^g(R(Y, X)u, R(X, Y)u) 

= jK(X,Y) JL\R(X,Y)u\ 2 + j(g{V x A f (Y,Y) 
-V Y A f (X, Y), X) - g(A f (X, \7 Y Y + A f (Y, Y j), X) 
-g(A f (Y, V X Y + A f {X, Y)),X) — g(A f ([X, Y],Y),X)) . (3.41) 



□ 
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Theorem 3.8. Let (M,g) be a Riemannian manifold and equip the tangent bundle (TM,gf) with the 
rescaled Sasaki metric gf . If the sectional curvature of (TM,gf) is upper bounded, then (M,g) is flat; if M 
compact and the sectional curvature of (TM,g*) is lower bounded, then (M,g) is flat. 

Proof. The statement follows directly from Proposition 3.7. □ 

Proposition 3.9. Let (M,g) be a Riemannian manifold and equip the tangent bundle (TM,gf) with the 
rescaled Sasaki metric gf . Let (p,u) <G TM and X, Y e T p M be two orthonormal tangent vectors at p. Let 
S denote the scalar curvature of g and §f denote the scalar curvature of gf . Then the following equation 
holds 

S f = jS-—Y,\ I 2 + E LfiXiM) ( 3 - 42 ) 

where {X\, • • • , X m } is a local orthonormal frame for TM. 

Proof. For a local orthonormal frame {-^jYi,--- , -jjY m , Y m+ \, ■ ■ ■ ,Y 2 m} for TTM with X- 1 = Yi and 
X\ = Ym+i we get from proposition 3.7 

sf = ^Kf{^x^^x^ + 2^kf{- 7 =x^,xv)+'£kf{xv,xv) 

m 

= J2 lK f ( X i> X D + 2K f {*i, X j) + K f (x:, X?)] 

m 1 ^ m 

= J2 h K ( X ^ X o) - T72 I R(Xi,*i)u I 2 +L f (X i ,X j )} + 2 J2 ^\R{X 3 ,u)Xtf. (3.43) 
In order to simplify this last expression we put u — we get 



Y \R(X j ,u)X i \ 2 = Y UkUwiRiXj^k^RiX^X^Xi) 

i,j,k,l—l 
m 

Y u k u l g(R(X ] ,X k )X l ,X s )g(R(X J ,X l )X l ,X s ) 

i,j,k,l,s—l 
m 

Y uuuigiRiX.^X^X^giRiX^X^XuXj) 

m 

= Yl u k u l g{R{X h X i )X k ,R{X h X i )X l ) 

i,j,k,l—l 
m 

= Yl \R(Xj,Xi)u\ 2 . (3.44) 

This completes the proof. □ 

Corollary 3.10. Let (M, g) be a Riemannian manifold and TM be its tangent bundle with the rescaled Sasaki 
metric gt . Then (TM,gf) has constant scalar curvature if and only if (M, g) is flat and^2J l j =1 Lf(X i ,Xj) = 
C (constant). 

Proof. The statement follows directly from Proposition 3.9. □ 
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4. Geodesies of The Rescaled Sasaki Metric 



Let M be a Riemannian manifold with metric g. We denote by 3^(M) the set of all tensor fields of type 
(p, q) on M. Manifolds, tensor fields and connections are always assumed to be differentiable and of class 
C°°. Let T(M) be a tangent bundle bundle of M, and ir the projection ir : T(M) -> M. Let the manifold 
M be covered by system of coordinate neighbourhoods (U, x l ), where (x 4 ), i — 1, • • • , n is a local coordinate 
system defined in the neighbourhood U. Let y l be the Cartesian coordinates in each tangent spaces T p (M) 
and P € M with respect to the natural base , P being an arbitrary point in U whose coordinates are x l . 
Then we can introduce local coordinates {x l ,y l ) in open set 7r _1 (£/) C T(M n ). We call them coordinates 
induced in 7r _1 (L'') from (U, x l ). The projection 7r is represented by (x l ,y l ) — > (a; 1 ). The indices • • • run 
from 1 to 2n. 

Let C be a curve on T(M n ) and locally expressed by x — x(a), with respect to induced coordinates -J^ 
in 7T — 1 (J7) C T(M n ). The curve C is said to be a lift of the curve C and denoted by C h — (x(a),x' (a)). 

■ dx djp 

_ . dt ' dt / 

Vx'O;' = 0, then y = x'. 



The tangent vector field of C defined by T = ^) = x" 1 + (V x >y) v . If the curve C is a geodesic, we get 



Theorem 4.1. Let C be a geodesic on T{M), if f ^ c(constant) in any geodesies on M , then the curve C 
cannot be lifted to the geodesic of . 

Proof. By applying Proposition 3.2 we have 

%» + (v x ,yA x ' h + ( y x 'y) V ) = {V^x't + Afix'^x't - l -{R{x',x')uf 

+(V x /V x /y)" + ^[R p {u,V xl y)x'] h + ^[R p {u,V x ,y)x'] h 
= {V r ,x') h + YRp{^V x ,y)x'] h + Af{x\x') h + {V x ,V x ,yY. (4.1) 

For the curve C is a geodesic on M n , with respect to the adapted frame and taking account of V^T = 0, 
then we get 

(a) V x ,x' = -j±-^[R p ( y (t),V x ,y(t))x'(t)} h - A f ( X ',x') h , 

(b) V x ,V x ,y = 0. (4.2) 
Applying part iv) of proposition 3.4 and 

A f (x',x') = jj[2x'(t)x' - 5 (x',x')grad/], (4.3) 

if (Af(x', X '),x') = 0, we get 

2X'(f)g(x', x') - g(x', x')X'(f) = g(x', x')X'(f) = 0. (4.4) 

Then X'(f) = 0, grad(f) — and d ^^*^ = 0, so we get / = c(constant) in any geodesies on M. □ 
Corollary 4.2. If (x(t),y(t)) is geodesic and \y(t)\ = C, then S7 x >x' = —Af(x',x'). 
Proof. By applying (a) of equation (4.2) we have 

= V x ,(y,y) = (V x ,y,y) + (y,V x ,y), (4.5) 

and 

= V x - (V x ,y, y) = (V x . V x >y, y) + (V^y, V x >y). (4.6) 
Then we get (V x >y, y) = and V x >y — 0, from which the result follows. □ 
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Theorem 4.3. Let C\ and Ci be two geodesies on M n departure from the same arbitrary point, and their 
initial tangent vectors are not parallel. If the lifts of two geodesies on M are geodesies on T(M) with the 
metric g* , then f = c(constant) . 

Proof. By applying (a) of equation (4.2) we have 

2X'(f)x' - g(x', x')X'(f) = 2X'{f)x' - g{x', x')X'(f). (4.7) 

Using X'(0) i/f X'(0) we get grad/(a;o) = 0, then we obtain / = c(constant). □ 

The submersion geodesic C is said to be the image under it of the geodesic C on TM . Let C = tt o C be 
a submersion geodesic on M, then v£.T = 0. Using this condition we have 

Theorem 4.4. Let M be a flat manifold, the submersion geodesic is always geodesies on M , then f = 
c(constant) . 

5. The Rescaled Cheeger-Gromoll Metric 

In Cheeger and Gromoll studied complete manifolds of nonnegative curvature and suggest a con- 
struction of Riemannian metrics useful in that context. This can be used to obtain a natural metric gf on 
the tangent bundle TM of a given Riemannian manifold (M,g). 

For a vector field u € C°° (TM) we shall by U denote its canonical vertical vector field on TM which in 
local coordinates is given by 

m q 

C/ = ^f m+l (^- )( P ,u), (5-1) 

where u = (v m+ i, • • • , i^)- To simplify our notation we define the function r : TM — > M. by r(p, u) — \u\ — 
y/ g p (u, u) and a = 1 + r 2 . 

Definition 5.1. Let (M,g) be a Riemannian manifold. Let f > and f € C°°(M). Then the rescaled 
Cheeger-Gromoll metric g? on the tangent bundle TM of M is given by 

i) g( pu) (X h ,Y h ) = f(p)g p (X,Y), (5.2) 

ii)~gl tu) (X\Y h ) = 0, (5.3) 

Hi) g{ pu) (X\Y*) = —L^(g p (X,Y)+g p (X,u)g p (Y,u)) (5.4) 

for all vector fields X, Y £ C°°(TM). 

It is obvious that the rescaled Cheeger-Gromoll metric g^ is contained in the class of rescaled natural 
metrics introduced earlier. 

Proposition 5.2. Let (M,g) be a Riemannian manifold and be Levi-Civita connection of the tangent 
bundle (TM,gf) equipped with the rescaled Cheeger-Gromoll metric. Then 

i) (V f xh Y h ) (p>u) = (v x Y)l u) + ^((X(f)Y + Y(f)X)-g(X,Y)(dfy) h p 

-\(r p {X,Y)u) V , (5.5) 

it) (V£„Y") (P , U) = ^xY)J PtU) + 1I ^ ) (R p {u,Y)x) h , (5.6) 

Hi) (f f x ,Y h ) {PiU) = -^—{R p ( u ,X)Yf, (5.7) 

iv) (v£„y«) (p , u) = -l(g{ PtU) (x«,u)Y« + gf piU) or',u)x«) 
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for any X, Y e C°°{TM), £ = (p, u) G TM. 

Proof, i) The statement is a direct consequence of Corollary 2.3. 
ii) By applying Lemma 2.2 and Definition 4.1 we get 

25(V^^,^) - -jg(Y\(R(Z,X)uY) 

= R(Z, X)u) + g(Y, u)g(R(Z, X)u, : 

af \ 

= ^- f g(R{u,Y)X,z). (5.9) 

From Definition 3.7 and Lemma 4.1 in 7] it follows that 

X h (-) = and X h (g(Y,u))on = g(\7 x Y,u) o tt, (5.10) 
a 

so 

X \ g f{Y\ Z v )) = gf((V x YY,Z v ) + g* (Y\ {V x Zf). (5.11) 

This means that 

2~gf{V f xh Y\Z*) = X h {gi\Y\Z^))+gf{Z\{V x YY)~gf{Y\(V x ZY) 

= 2gf{{V x Y)\Z v ). (5.12) 

Hi) Calculations similar to those in ii) give 

2~g(V f xv Y h ,Z h ) = -g{X\{R{Y 1 Z)uY)^—g{{R{u,X)Y)\Z h ). (5.13) 
The rest follows by 

2gf(V Xv Y'\Z v ) = Y h {gi\Z\X v ))-~gf(Z\{V Y XY)-~g f {X\{V Y ZY) 

= gf(Z\ (V Y XY) + gf(X v , (V Y Z)») ~~ g*(Z°, (VyXf) - & \X\ (VyZ)") 

= 0. (5.14) 

iv) Using Lemma 2.2 we yield 

2fg f (V f xv Y v , Z h ) = -Z h (gf(X v ,Y v )) + ~g* \Y\ (V z Xy) + gf(X v , (V Z Y) V ) 

= -g f {Y\ (VzXY) - gf(X v , (Vz*T) + ~g f (Y v , (VzX)*) + g f {X\ (V z 7)") 
= 0. (5.15) 

Using X v (f(r 2 )) = 2f(r 2 )g(X, u) and a = 1 + r 2 we get 

X v g f (Y v ,Z v ) = ~g{X,u)(g{Y,Z)+g{Y,u)g{Z,u)) 

+~ (g(X, Y)g{Z 1 u) + g(X, Z)g(Y 1 u)) . (5.16) 
The definition of the rescaled Cheeger-Gromoll metric implies that 

gf{X\U) = ^(g{X,u)+g{X,u)g{u,u)} = g{X,u). (5.17) 
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This leads to the following 

2 

a 2 ~gf(% v Y\Z v ) = ^-(x v (gf(Y\Z v )) + Y v (gf(Z\X v ))-Z v (gf(X\Y v ))) 
= -g(X,u)(g(Y,Z)+g(Y,u)g(Z,u)) 

+ | (g{X, Y)g(Z, u) + g(X, Z)g(Y, «)) 

-g(Y, u) (g(Z, X) + g(Z, u)g(X, u)) 

+ |(. 9 (r, Z). 9 (X, u) + g(Y, X)g(Z, «)) 

+.g(Z, u) (,g(X, F) + u^y, u)) 

-| X) ff (y u) + g(Z, Y)g(X, «)) 
= 5 (X, y) - u)</(y, u))u + Y)u 

-g(X,u)Y -g{Y,u)X,z). (5.18) 

By using the definition of the metric we see that this gives the statement to proof. □ 

Having determined the Lcvi-Civita connection we are ready to calculate the Riemann curvature tensor 
of TM. But first we state the following useful Lemma. 

Lemma 5.3. Let (M,g) be a Riemannian manifold and W be the Levi-Civita connection of the tangent 
bundle (TM,gf), equipped with the rescaled Cheeger-Gromoll metric g? . Let F : TM — > TM is a smooth 
bundle endomorphism of the tangent bundle, then 

(v£„F"k = F(X)%- -(g f (X v ,U)F v +g f (F v ,U)X v 

-(1 + a)gf(F v ,X v )U + ~g f (X\ U)~gf(F\ U)u) (5.19) 

and 

(V f xv F h ) 6 = F(X)I + ^-L^(R(u,X)F{u))* (5.20) 
for any X G C°°{TM) and £ = (p, u) e TM. 

Proof. The statement is a direct consequence of Lemma 2.5 and Proposition 5.2. □ 

Proposition 5.4. Let (M,g) be a Riemannian manifold and W be the Riemann curvature tensor of the 
tangent bundle (TM,gf) equipped with the rescaled Sasaki metric. Then the following formulae hold 

i) R f (X h ,Y h )Z h = Vx{V Y Z + Af{Y,Z)) h +A } (X,V Y Z + A f (Y,Z)) h 

~[R{X, V Y Z + Af (y Z))u] v - W Y (W X Z + A f (X, Z)) h 

-A f (Y, V X Z + A f (X, Z)) h + 1 (R(Y, V X Z + A f (X, Z))u)" 

-(V [x , Y] Z) h A f ([X,Y],Z) h \(R{[X,Y],Z)u) V 

+ 2Q?( i?(M ' jR(X ' y)M)Z )' 1 
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+ ±[V Y (R(X, Z)u)Y + -^-r (R(u, R(X, Z)u)y) k 

- l -[V x {R{Y,Z)u)Y -±^.{r{ u ,R{Y,Z)u)X)\ (5.21) 

ii) Rf(X h ,Y h )Z v = (R(X,Y)Zy + ^-(v z (jR(u,Z)Y)-V Y (jR(u,Z)X)y 
-^j^(R{X, R{u, Z)Y)u - R(Y, R{u, Z)X)u) V 

+ h ( Af{x ' Tf R[u > Z)Y) - Af{Y ' Tf R{u > z)x) ) H 

--gf{Z\u){R{X, Y)uf + ±±^gf((R(X, Y)uf , Z V )U. (5.22) 
a a 

in) Rf{X\Y v )Z h = ±.yi xh (i R ( u ,Y)Z) h 

'^f (R{u ^ xY)z)h ^f (R{u > Y)WxZ)h + \( R ( X ' Z ) Y T 

~^9 f {Y v , U)(R(X, Z)uY ^~9 f ((R(X, Z)uY, U)Y* 

+ ^9 f ((R(X, Z)u)\Y v )U - 7^9 f (Y v , U)gf{{R{X, Z)u)\ U)U 

-^j(R(u,Y)A f (X,Z)) h , (5.23) 

iv) Rf(X h X")Z v = -^-^R{Y,Z)x) h -^±^(R(u,Y)R(u,Z)x) h 

+ 2^f [g(Y ' U){R(U > Z)X)h ~ 9{Z ' U)(R(U > y)X) " ] ' (5 ' 24) 

v) B^ u) {X;Tr)Z h = -^( R (X,Y)z) h -J^(R(u,X)R(u,Y)z) h 

+ 1 tf ( m X)Z ) h + A^P ( R{U > Y)R{U > X)Z ) h ' (5 ' 25) 

vi) R{ pu) (X\Y v )Z v = 1 + a J " 2 {gf(Y v ,Z v )X v - g f (X v ,Z v )Y v ) + 

+ 1±^(~gf(X\ Z v )g(Y, u)U - gt(Y v ,Z v )g(X, u)U) + 
2 4- it 

+ ^(g(X,u)g(Z,u)Y v -g(Y,u)g(Z,u)X v ). (5.26) 

for any X,Y,Z £ T p M . 
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Proof, i) By i) of Proposition 4.2 and direct calculation we get 

Rf(X h ,Y h )Z h = V f xh V f yh Z h -V f Yh V f xh Z h -V f [xhYh] Z h 

= \7 xh ((V Y Z) h + A f (Y,Z) h -±(R(Y,Z)uy) 
-% h ((V x Z) h + A f (X, Z) h - \(R(X, Z)uf) 

— Xlf 7 h 

V [X,Y]K-(R(X,Y)u)v^ 

= V x (V Y Z + A f (Y,Z)) h + A f (X,V Y Z + A f (Y,Z)) h 

-\(R(X, V y Z + Af(Y, Z)) u y - V Y {V X Z + A f (X, Z)) h 

-A f (Y, V X Z + A f (X, Z)) h + X - (R(Y, V x Z + A f (X, Z))uj 

-(V [X ,Y]Z) h - A f ([X,Y],Z) h l -(R{[X,Y],Z)u) V 

+^-(R{u,R{X,Y)u)z) h 

+ i (V Y (R(X, Z)u)) " + -^j (r(u, R(X, Z)u)Y) K 
-l(v x (R(Y,Z)u)) V ^L(R( u ,R(Y,Z)u)x) h . 

ii) Note that the equation g* p U ^{X V , U) = g p (X, u) implies that 

g( pu) ((R(X,Y)u) v ,U)= 9p (R(X,Y)u,u)=0, 

Hence 

aRf(X h ,Y h )Z v = a% h % h Z v -a% h V f xh Z v -aV f [xhYh] Z v 
= \7 xh (a(\7 Y Zy + j- f (R(u,Z)Y) h ) 

-V Yh (a(VxZ) h + jj(R(u, Z)X) h ) aV{ xy]h _ {R{XX)uY 

= (V x (±R(u,Z)Y)) h ±(R(X,R(u,Z)Y)uy 

+ ^- f (R(u,\7 Y Z)X) h 

+A f (X, ^jR(u, Z)Y) h + a(V x V Y Z) v 

-(Vy(^R(u, Z)X)f + jj(R(Y, R{u, Z)X)uf 

-^- f (R(u^ x Z)Y) h 

-A f (Y, ^R(u, Z)X) h - a(V Y V x Zy 

-±(R(u,Z)[X,Y]) h a(V [x , Y] Zy 
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-[g f ((R(X, Y)uy, U)Z V + ~gf(Z\ U){R{X, Y)u) v ] 

+ (1 + a)gf((R(X, Y)uf, Z V )U - g f ((R(X, Y)uf , U)~g\Z\ U)U 

= a(R(X, Y)Z) V + i[Vz(% Z)Y) - \7 Y (R(u, Z)X)] h 
-^j[R{X, R(u, Z)Y)u - R(Y, R(u, Z)X)u] v 
+ [A f (X, ±R(u, Z)Y) Af (Y, ±R(u, Z)X)] h 

-gf(Z v ,u)(R(X, Y)uY + (1 + a)gf((R(X, Y)u) v , Z V )U. (5.29) 
in) Calculations similar to those above produce the third formula 

Rf(X h ,Y v )Z h = \7 f xh \7^Z h -% v V f xh Z h -V f [xhYV] Z h 

= h^ h{ j R(u > Y)z)h -^ X Y ) vZ h 

-V f YV [{V x Z) h - \{R{X, Z)uY + A f (X, Zf] 

= h^ h{ j R{u ' Y)z)h 
'^f {R{u ' WxY)z)h ~ "t] {R{u ' Y)VxZ)h + \( R ( X ' Z ) Y ) V 

-^g f (Y\U)(R(X,Z)uy -±~gf((R(X,Z)uy,U)Y v 

+ ^g f ((R(X, Z)uy,Y")U - 7^9 f (Y v , U)gf((R(X, Z)uf, U)U 

-^j(R(u,Y)A f (X,Z)) h . (5.30) 

iv) Since X ( ; u) (/(r 2 )) = 2f'(r 2 )g p (X, u) and (% h U) M = we get 

2aRf(X\Y v )Z v = 2a[% h V f YV Z v -V f YV V f xh Z v -V f [xh YV] Z v ] 
= -2V xh [gf(Y v , U)Z V - (1 + a)~gf(Y\ Z V )U 
+g f (Z\ U)Y V + gf(Y v , U)gf{Z\ U)U] 

-a¥ YV {—R(u, Z)X) h - 2a[\7 Y v (V X Z) V + V f {VxY)v Z v ] 

= -g{Y,u)[—(R{u,Z)X) h + 2{V x Zy] 

-g(Z, u) [—AR{u, Y)X) h + 2{V X YY] 
aj 

+ ^-g(Y,u)(R(u,Z)X) h 

-vUjR(u,z)x) h 

+2[g(Y,u)(VxZ) v + g(V x Z,u)Y v ] 

-{l + a)gt{Y v ,{\7 x Zy)U + g{Y : u)g{\7 x Z,u)U 
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+g{V x Y,u)Z v + g{Z,u)(V x Y) v 

-(1 + a)gf{{V x Y)\ Z V )U + g(W x Y, u)g(Z, u)U 

= -V f Y „(jR(u,Z)X) h 

+ — [g(Y,U){R(u,Z)X) h - g(Z,u)(R(u,Y)X) h ] 
= -- f (R{Y 1 Z)x) H - -^(R( u ,Y)R{u,Z)x) h 

+ —MY, U)(R(u, Z)X) h - g{Z, u)(R(u, Y)X) h ] (5.31) 

For the last equation we have to show that all the terms not containing the Riemann curvature tenson R 
vanish. But since 

g f {Y v ,{V x ZY)U = -[g(Y,V x Z)+g(Y 1 u)g(V x Z 1 u)]U, (5.32) 
a 

the rest becomes 

- -[g{Y, V X Z) + g(Y, u)g{S7 x Z, u) + g{Z, V X Y) + g(Z, u)g(V X Y, u)]U, (5.33) 
a 

which vanishes, because 

- -X h [g f (Y v , Z v ) + g f (Y v , U)g f (Z v , U)]U = 0. (5.34) 
a 



v) First we notice that 

X V Vy„fl — V X 



V{MvZ h = ±V f xv (]:R(u,Y)Z) h 



2« A "7 

= ~2^( R{X ' Y)Z ) h ~ ^kp( R{u -' X)R ^ Y)Z ) h - (5 - 35) 
By using the fact that [X V ,Y V ] = we get 

R f {X v ,Y v )Z h = \7 f Xv \7 f Yv Z h -\7 f Yv \7 f Xv Z h 

= ^ v£„ (jR(u, Y)Zf - -L v£. (jR(u, X)Zf 

= ~ 2^7 i R{x > Y)z ) " W y)z ) ' l 

+ ^7 i R{Y ' " + W (5 ' 36) 

vi) The result similar to Proposition 8.5 in Q. □ 

In the following let Q* (V, W) denote the square of the area of the parallelogram with sides V and W for 
V, W € C°°(TTM) given by 

Q-^VjW) = HVpHWf-^^W) 2 . (5.37) 
Lemma 5.5. Let X,Y C°° (T p M) be two orthonormal vectors in the tangent spaces T p M of M atp. Then 

i) Q f (X h ,Y h ) = f 2 , (5.38) 

ii) Qf(X h ,Y v ) = l(l+ g (Y,u) 2 ), (5.39) 

a 

in) Q f (X v ,Y v ) = \(i+ g (Y,u) 2 +g(X.u) 2 ). (5.40) 
cr 
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Proof, i) The statement is a direct consequence of the definition of the Rescaled Cheeger-Gromoll Metric. 
ii) This is a direct consequence of 

Qf(X h ,Y v ) = g f (X h ,X h )g f (Y v ,Y v )-g f (X h ,Y v ) 2 

= l(l+g(Y,u) 2 ). (5.41) 



a 



Hi) This last part follows from 

Q f (X v ,Y v ) = g f (X v ,X v )g f (Y v ,Y v )-g f (X h ,Y v ) 2 



= -(l+g(X,u) 2 )-(l+g(Yu) 2 ) 
a a 

-[^(g(X,Y)+g(X,u)g(Y,u))} 2 
= ±(l+g(Y,u) 2 +g(X,u) 2 ). (5.42) 

□ 

Let & be the (2, 0) —tensor on the tangent bundle TM given by 

&(V, W) i v g f (R f (V, W)W, V) (5.43) 

for V, W e C°°(TTM). 

Lemma 5.6. Let X,Y £ C°°{T p M) be two orthonormal vectors in the tangent spaces T p M of M at p. Then 

i) &{X\Y h ) = jK(X,Y)-^j^\R(X,Y)u\ 2 + Lf(X,Y), (5.44) 

ii) &{X h ,Y") = ^l^\R(u,Y)X\ 2 , (5.45) 

iii) &(X\Y") = 1 + a + a2 Qf(X\Y») - ^(g(X,u) 2 +g(Y,u) 2 ). (5.46) 



(5.47) 



Proof, i) The statement follows by 

aG f (X h ,Y h ) = ag f (R f {X h ,Y h )Y h ,X h ) 



9 f (Vx(V Y Y + A f (Y,Y)) h ,X h ) 
+gf (A f (X, \7 Y Y + Af (Y, Y))\ X h 
-g f (Vy(VxY + A f (X,Y)) h ,X h ) 
-g f (A f (Y, V X Y + A f (X, Y))\X h ) 
-gf(jy [XjY] Y) h + A f ([X, Y],Y) h ,X h ) 

+ ~ gf (^( R ^ R ^ Y ^ Y )^ Xh ) 
+ ~ 9f (^)( R ^ R ^ Y)u)Y ) h ^ h ) 



jK(X, Y) ^\R{X, Y)u\ 2 + Lf(X, Y). (5.48) 
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The properties of the Riemann curvature tensor give 

g(R(u, R(X, Y)u)Y, X) = -\R(X, Y)u\ 2 , (5.49) 

from which the result follows. 
ii) The statement follows by 



a 2 &(X h ,Y v ) = a 2 g f (R f {X h ,Y v )Y v ,X h ) 

~ a2 ~9 f ( - W«. Z ) X ) H ' X ' 

+a 2 ~g f (^j9(Y, u)(R(u, Y)X) h , X h ) 
-a 2 ~g f (^ja(Y u)(R(u, Y)X)\ X h ) 
= -^\R(u,Y)X\ 2 . (5.50) 

Hi) In the last case we have 

&{X V ,Y V ) = g f (R f (X v ,Y v )Y v ,X v ) 

+^(~gf(X\YV)g(Y,u)g(X,u)-~gf(Y\Y")g(X,u) 2 ) 

+ l + a J ^ (9 f (Y\ Y")gf(X v ,X v ) - g f (X\ Y v )) 
+^±^(g(X, u)g(Y, u)~gf(X\Y v ) - g(Y, ufg*{X\ X")) 

= 1 + ° 2 + ^ Q f (X\ Y*) - ^(g(X, uf + g(Y, uf). (5.51) 
or a 6 

□ 

Proposition 5.7. Let (M,g) be a Riemannian manifold and TM be its tangent bundle equipped with the 
rescaled Cheeger-Gromoll metric gf . Then the sectional curvature of (TM,gf) satisfy the following: 

i)Kf(X\Y h ) = ^K(X,Y)-^\R{X,Y)u\ 2 + ^U{X,Y), (5.52) 

, ~ t , h 1 \R(u,Y)X\ 

n)K'(X\Y°) = — y + ^J 2y (5 .53) 

(5.55) 

Proof. The division of & {X\ Y j ) by Q f (X\ Y j ) for i, j € {ft, v} gives the result. □ 

Proposition 5.8. Let (M,g) be a Riemannian manifold of constant sectional curvature k .Let TM be its 
tangent bundle equipped with the rescaled Cheeger-Gromoll metric g? . Then the sectional curvature K$ of 
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(TM,gf) satisfy the following: 



1 3k 2 1 

i)kl(X",Y h ) = - K -—{ g {K,X? + s (u,Y?) + -Lf{X.Y), (5.56) 

«0 *'<*•,!") - ^ + ^ (1 + i , (y ,„ )2 1 + 9(x ,„ )a) - 

(5.59) 

for any orthonormal vectors X, Y e T p M. 

Proof. This is a simple calculation using the special form of the curvature tensor. □ 

For a given point (p, u) € TM with u ^ 0. Let {ei, • • • , e m } be an orthonormal basis for the tangent 
space T p M of M at p such that ei = -A, where \u\ is the norm of u with respect to the metric g on M. 

Then for i G {1, • • • , m} and fc € {2, • • • , m} define the horizontal and vertical lifts by ti = e\, t m+ i = e\ 
and t m +k — V^ e k- Then {t±, ■ ■ ■ ,t2m} is an orthonormal basis of the tangent space T( p u )M with respect 
to the rescaled Cheeger-Gromoll metric. 

Lemma 5.9. Let (p, u) be a point on TM and {t\, ■ ■ ■ , t 2m } be an orthonormal basis of the tangent space 
T( PjU )M as above. Then the sectional curvature K$ satisfy the following equations 

k f (t u tj) = lif( e4 , ej )--A I |i 1 >(e J , ej ) U | 2 + ^i / (X,r), (5.60) 

K f (U,t m+1 ) = 0, (5.61) 

K f (ti,t m+k ) = -^\R{u,e k ) ei \ 2 (5.62) 
- f 3 

K 1 (t m+1 ,t m+k ) = — (5.63) 

K f (t m+k ,t m+l ) = a (5.64) 

(5.65) 

for i,j e {1, ■ ■ ■ , m} and k, I £ {2, • • • , m}. 

Proposition 5.10. Let (M,g) be a Riemannian manifold with scalar curvature S. Let TM be its tangent 
bundle equipped with the rescaled Cheeger-Gromoll metric g' and (p,u) be a point on TM. Then the scalar 
curvature of (TM,gf) satisfy the following: Then 

§ L*) = S p + 2 -^f2\R(e l ,e ] )u\ 2 + } 2 f:LHX,Y) 

JJ1 1 

+ ^^[6+(m-2)(a 2 +a + l)]. (5.66) 
Proof. Let {ii, ■ ■ ■ , ^2m} be an orthonormal basis of the tangent space T( p „)TM as above. By the definition 
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of the scalar curvature we know that 



mm m 
m - m 



2a- 3 



l,j=l i=2 ij^l^jtj 



= s + ^w E i^( e i. e j)« 



+ 7 E ^ / (^,^) + ! ^[6 + (m-2)( a 2 + a + l)]. (5.67) 



For the fact that 



J2 \R(e i ,e,)u\ 2 = J2 \R{u,e 3 )e t \ 2 (5.68) 
see the proof of Proposition 3.9. □ 
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